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This paper shows a method for checking the parity of (#JC ¡ 1)=2 without calculating the
order #JC , where #JC is the order of genus 2 or 3 hyperelliptic curve.
1 INTRODUCTION
This paper especially deals with genus 2 and 3 no two{
torsion hyperelliptic curves over prime ¯eld Fp, where
a genus one curve is an elliptic curve. No two{torsion
means that the curve has no two{torsion points, in other
words, #JC is not divisible by 2, where #JC denotes the
order over Fp. For no two{torsion curves, this paper
shows a method for checking the parity of (#JC ¡ 1)=2
without calculating the order #JC . This paper is the
extended version of our previous work[1].
Throughout this paper, characteristic p is a prime
number larger than 5. Fpm ¡ Fp denotes the set of ele-
ments which belong to Fpm but not Fp.
2 PRELIMINARY
In this section, we brie°y go over the fundamentals
of quadratic residue/non-residue, shift product{based
polynomial transform (SPPT), and genus 2 and 3 hy-
perelliptic curves de¯ned over prime ¯eld Fp.
2.1 Quadratic residue/non-residue
For a non-zero element c 2 Fq, we can check whether
c is a quadratic residue (QR) or quadratic non-residue
(QNR) in Fq as follows:
c(q¡1)=2 =
8<: 1 when c is a QR¡1 when c is a QNR : (1)
The product of two non-zero QRs and that of two QNRs
become QRs in Fq. On the other hand, the product of
a QR and a QNR becomes a QNR in Fq. In this paper,
we use the fact that all elements in Fp are QRs in Fp2 ,
in addition, whether or not a non-zero element a 2 Fp
is a QR in Fp is equivalent to that in Fp3 .
2.2 Shift product{based polynomial
transform
Shift product{based polynomial transform (SPPT) is de-
¯ned as follows[1]. Let f(x) be an irreducible polyno-
mial of degree m over Fp. According to SPPT[1], when
m < p and gcd(k;m) = 1, we can uniquely determine
another irreducible polynomial fk(x) of degree m over
Fp from the given irreducible polynomial f(x) such that
Fk(x) = fk(xp
k ¡ x) = f(x)
pk¡1Y
j=1
f(x+ sj); (2)
where s is a generator of F ¤pk (see App.A). Let ! be a
zero of f(x), a zero ¿ of fk(x) is given by ¿ = !p
k¡!. In
other words, fk(x) is the minimal polynomial of !p
k¡!.
In what follows, we call the transformation from f(x)
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to fk(x) SPPT over Fpk . SPPT is just the minimal
polynomial determination for ¿ = !p
k ¡ !.
2.3 Hyperelliptic curve
In this paper, let the de¯nition ¯eld be the prime ¯eld
Fp, we particularly deal with genus g = 2 and 3 hyper-
elliptic curves in the following form :
H(x; y) = f(x)¡ y2 = 0; f(x) = H(x; 0); (3)
where f(x) is an irreducible polynomial of degree 2g+1
over Fp. Let #JC be the order over Fp, it is given by[2]
g = 2 : #JC = p2 + 1 + s1(p+ 1) + s2; (4a)
s1 = M1 ¡ 1¡ p; (4b)
s2 = (M2 ¡ 1¡ p2 + s21)=2; (4c)
g = 3 :
#JC = p3+ 1 + s1(p2+ 1) + s2(p+ 1) + s3; (5a)
s1 = M1 ¡ 1¡ p; (5b)
s2 = (M2 ¡ 1¡ p2 + s21)=2; (5c)
s3 = (M3 ¡ 1¡ p3 ¡ s31 + 3s1s2)=3; (5d)
where M1;M2, and M3 are the numbers of the ratio-
nal points of the hyperelliptic curve H(x; y) = 0 over
Fp; Fp2 , and Fp3 , respectively[2]. Since H(x; 0) of de-
gree 2g + 1 is irreducible over Fp in this paper, it is
also irreducible over the concerned extension ¯eld. In
addition, s1; s2, and s3 are odd numbers.
2.4 The number of rational points over
Fp
Noting that the de¯nition ¯eld of hyperelliptic curve
Eq.(3) is prime ¯eld Fp and let the number of QRs in
the following set be N1 :
fH(0; 0);H(1; 0);H(2; 0); ¢ ¢ ¢ ;H(p¡ 1; 0)g: (6)
The number of rational points on H(x; y) = 0 over Fp,
that is M1, is given by
M1 = 2N1 + 1; (7)
where we should note that H(i; 0); i 2 Fp does not be-
come 0 because H(x; 0) is irreducible over Fp in this
paper. The number of QNRs is given by p¡N1. From
Eq.(4b) and Eq.(7), we ¯nd that s1 becomes an odd
number when H(x; 0) is irreducible.
2.5 The number of rational points over
Fp2
Noting that the coe±cients of H(x; y) are in Fp, as in-
troduced in Sec.2.1, every element in the set Eq.(6)
become QRs in Fp2 . In other words, substituting each
element in Fp for x, we have the following 2p rational
points over Fp2 :³
i;§
p
H(i; 0)
´
; 0 · i · p¡ 1: (8)
On the other hand, for an arbitrary element ® in
Fp2 ¡ Fp, we can consider its conjugate ®p in Fp2 ¡ Fp
and these conjugates satisfy
H(®p; 0) = H(®; 0)p: (9)
Therefore, H(®p; 0) is a QR in Fp2 if and only if H(®; 0)
is a QR in Fp2 . For example, if H(®; 0) is a QR in Fp2 ,
we have the following four rational points :µ
®p
i
;§
q
H(®pi ; 0)
¶
; i = 0; 1: (10)
In Fp2 ¡ Fp, there exist (p2 ¡ p)=2 conjugate pairs.
Among them, let N 02 be the number of conjugate pairs
such that H(®; 0) and H(®p; 0) become QRs in Fp2 ,
M2 = 2p+ 4N 02 + 1 = 2(p+ 2N
0
2) + 1: (11)
The number of conjugate pairs such that H(®; 0) and
H(®p; 0) become QNRs in Fp2 is given by (p2¡p)=2¡N 02.
From Eq.(4b), Eq.(4c) and Eq.(11), we ¯nd that s2 be-
comes an odd number in this paper.
2.6 The number of rational points over
Fp3
In the same way of N 02, for an arbitrary element ® in
Fp3 ¡Fp, we can consider its conjugates ®p and ®p2and
these conjugates satisfy
H(®p; 0) = H(®; 0)p; H(®p
2
; 0) = H(®; 0)p
2
: (12)
Therefore, H(®p; 0) and H(®p
2
; 0) are QRs in Fp3 if and
only if H(®; 0) is a QR in Fp3 . For example, if H(®; 0)
is a QR in Fp3 , we have the following 6 rational points:µ
®p
i
;§
q
H(®pi ; 0)
¶
; i = 0; 1; 2: (13)
In Fp3 ¡ Fp, there exist (p3 ¡ p)=3 conjugate pairs.
Thus, let N 03 be the number of conjugate pairs such
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that H(®; 0), H(®p; 0), and H(®p
2
; 0) become QRs in
Fp3 , using N1 that denotes the number of QRs in the
set Eq.(6), we have
M3 = 2N1 + 6N 03 + 1 = 2(N1 + 3N
0
3) + 1: (14)
In this case, s3 becomes odd. The number of conju-
gate pairs such that H(®; 0), H(®p; 0), and H(®p
2
; 0)
become QNRs in Fp3 is given by (p3 ¡ p)=3¡N 03.
3 MAIN RESULT
Corresponding to genus g, this paper shows a method
for checking the parity of (#JC ¡ 1)=2. We use the
following notations :
P (n) = (¡1)n =
8<: 1 when n is even¡1 when n is odd ; (15a)
nl (x) =
l¡1Y
i=0
xp
i
= x ¢ xp ¢ xp2 ¢ ¢ ¢xpl¡1 ; (15b)
Hj(xp
j ¡ x; 0) = H(x; 0)
pj¡1Y
i=1
H(x+ si; 0); (15c)
where j = 1; 2; 3 and s is a generator of F ¤pj . According
to our previous work[1], when g = 1, we have
P
µ
#JC ¡ 1
2
¶
= P (N1)
= ¡ (¡n3 (!p ¡ !))(p¡1)=2 ;(16a)
H1(0; 0) =
p¡1Y
i=0
H(i; 0) = ¡n3 (!p ¡ !) ; (16b)
P (N1) = (¡1)N1 = ¡H1(0; 0)(p¡1)=2: (16c)
3.1 The parity of (#JC ¡ 1)=2 when the
genus g = 2
From Eqs.(4), by substituting Eq.(4b) into Eq.(4a) we
have the following equation :
#JC =M1(p+ 1)¡ 2p+ s2: (17)
Then, noting that M1 and p are odd numbers,
P
µ
#JC ¡ 1
2
¶
= P
µ
p¡ 1
2
¶
P
µ
s2 ¡ 1
2
¶
: (18)
From Eq.(4c), Eq.(11), and noting that s1 is odd,
P
µ
s2 ¡ 1
2
¶
= P
µ
p¡ 1
2
¶
P (N 02) : (19)
Thus, from Eq.(18) and Eq.(19), we have
P
µ
#JC ¡ 1
2
¶
= P (N 02) : (20)
In what follows, we consider how to determine P (N 02).
3.1.1 How to determine P (N 02)
According to SPPT over Fp2 , we can uniquely deter-
mine H2(x; 0) from H(x; 0) and Eq.(15c). Since H(x; 0)
is an irreducible polynomial of degree 2g + 1 = 5 over
Fp, H2(x; 0) is also irreducible as introduced in Sec.2.2.
Substituting x = 0, we have
H2(0; 0) = H(0; 0)
p2¡1Y
i=1
H(si; 0): (21)
The right hand side of the above equation is the product
of the values that is given by substituting each element
in Fp2 into H(x; 0). Since Fp2 = Fp [ (Fp2 ¡ Fp) and
Fp \ (Fp2 ¡ Fp) = Á, we can rewrite Eq.(21) as
H2(0; 0) =
p¡1Y
i=0
H(i; 0)
Y
8®2Fp2¡Fp
H(®; 0): (22)
For ® in Fp2 ¡ Fp, let us consider the following pair :
fH(®; 0);H(®p; 0)g (23)
that corresponds to the conjugate pair f®; ®pg, where
H(®p; 0) = H(®; 0)p as shown in Sec.2.5. For the pair
Eq.(23), we have the following relation :
H(®; 0)(p
2¡1)=2 = fH(®; 0)H(®; 0)pg(p¡1)=2 ; (24)
where we note that H(®; 0)H(®p; 0) = H(®; 0)H(®; 0)p
becomes a certain non-zero element in Fp. The left hand
side of Eq.(24) is the check whether or not H(®; 0) is a
QR in Fp2 . From Eq.(24), consider the following calcu-
lation :
H2(0; 0)(p¡1)=2 =
(
p¡1Y
i=0
H(i; 0)(p¡1)=2
)
£
8<: Y8®2Fp2¡FpH(®; 0)(p¡1)=2
9=; : (25)
From Sec.2.5, Eq.(16c), and Eq.(24), we have
H2(0; 0)(p¡1)=2 = ¡P
µ
p2 ¡ p
2
¡N 02
¶
P (N1) ; (26)
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where N1 and N 02 are de¯ned in Sec.2.4 and Sec.2.5,
respectively. Thus, we have
P (N 02) = ¡P
µ
p2 ¡ p
2
¶
P (N1)H2(0; 0)(p¡1)=2
= P
µ
p¡ 1
2
¶
fH1(0; 0)H2(0; 0)g(p¡1)=2
= f¡H1(0; 0)H2(0; 0)g(p¡1)=2 : (27)
3.1.2 How to calculate H1(0; 0)H2(0; 0)
As introduced in Sec.2.2, let ! be a zero of H(x; 0),
H1(x; 0) and H2(x; 0) are the minimal polynomials of
!p ¡ ! and !p2 ¡ !, respectively. Noting that H1(0; 0)
and H2(0; 0) are their constant terms, we have
H1(0; 0)H2(0; 0) = n5
³
(!p ¡ !)(!p2 ¡ !)
´
: (28)
Finally, from Eq.(20), Eq.(27), and Eq.(28),
P
µ
#JC ¡ 1
2
¶
=
³
¡n5
³
(!p ¡ !)(!p2 ¡ !)
´´(p¡1)=2
: (29)
3.2 The parity of (#JC ¡ 1)=2 when the
genus g = 3
From Eq.(5a), we have the following equation :
#JC ¡ 1
2
=
(p+ 1)(p2 + p+ 1 + s2)
2
+
s1(p2 + 1)
2
+
s3 ¡ 1
2
: (30)
Noting that s1; s2; s3, and p are odd numbers, we have
P
µ
#JC ¡ 1
2
¶
= ¡P
µ
s3 ¡ 1
2
¶
: (31)
From Eq.(5d), we have
3(s3 ¡ 1)
2
=
M3 ¡ 1
2
¡ p
3 + s31
2
+
3(s1s2 ¡ 1)
2
= N1 + 3N 03 ¡
(p+ 1)(p2 ¡ p+ 1)
2
¡ (s1 ¡ 1)(s
2
1 + s1 + 1)¡ 3(s1s2 ¡ 1)
2
; (32)
s1s2 ¡ 1
2
=
s1(s2 ¡ 1)
2
+
s1 ¡ 1
2
: (33)
Therefore, from Eq.(19),
P
µ
s3 ¡ 1
2
¶
= ¡P (N1)P (N 02)P (N 03) : (34)
3.2.1 How to determine P (N 03)
According to SPPT over Fp3 , we can uniquely deter-
mine H3(x; 0) from H(x; 0) and Eq.(15c). Since H(x; 0)
is an irreducible polynomial of degree 2g + 1 = 7 over
Fp, H3(x; 0) is also irreducible as introduced in Sec.2.2.
In the same of H2(0; 0), we have
H3(0; 0) =
p¡1Y
i=0
H(i; 0)
Y
8®2Fp3¡Fp
H(®; 0): (35)
For ® in Fp3 ¡ Fp, let us consider the following set :
fH(®; 0);H(®p; 0);H(®p2 ; 0)g (36)
that corresponds to the conjugates set f®; ®p; ®p2g,
where H(®p; 0) = H(®; 0)p and H(®p
2
; 0) = H(®; 0)p
2
as shown in Sec.2.6. For the set Eq.(36), we have
H(®; 0)(p
3¡1)=2 =
Ã
2Y
i=0
H(®; 0)p
i
!(p¡1)=2
: (37)
In the same of Eq.(25), consider
H3(0; 0)(p¡1)=2 =
p¡1Y
i=0
H(i; 0)(p¡1)=2
£
Y
8®2Fp3¡Fp
H(®; 0)(p¡1)=2: (38)
From Sec.2.6, Eq.(16c), and Eq.(37), we have
H3(0; 0)(p¡1)=2 = ¡P
µ
p3 ¡ p
3
¡N 03
¶
P (N1) ; (39)
where N1 and N 03 are de¯ned in Sec.2.4 and Sec.2.6,
respectively. Thus, we have
P (N 03) = ¡P (N1)H3(0; 0)(p¡1)=2
= fH1(0; 0)H3(0; 0)g(p¡1)=2 (40)
3.2.2 How to calculate H1(0; 0)H3(0; 0)
As introduced in Sec.2.2, let ! be a zero of H(x; 0),
H1(x; 0) and H3(x; 0) are the minimal polynomials of
!p ¡ ! and !p3 ¡ !, respectively. Noting that H1(0; 0)
and H3(0; 0) are their constant terms, we have
H1(0; 0)H3(0; 0) = n7
³
(!p ¡ !)(!p3 ¡ !)
´
: (41)
Finally, from Eq.(16c), Eq.(27), Eq.(31), Eq.(34),
Eq.(40), and Eq.(41), P
µ
#JC ¡ 1
2
¶
is given by
¡
³
¡n7
³
(!p ¡ !)(!p2 ¡ !)(!p3 ¡ !)
´´(p¡1)=2
: (42)
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Using H(x; 0) as the modular polynomial, Eq.(29) and
Eq.(42) are calculated by arithmetic operations in Fp5
and Fp7 , respectively.
4 CONCLUSION
This paper has shown a method for checking the parity
of (#JC ¡ 1)=2 of genus 2 and 3 hyperelliptic curves
without calculating the order #JC .
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A SPPT OVER Fpk
Let f(x) be an irreducible polynomial of degree m over
Fp and let its zero be ! in Fpm . Then, for Eq.(2), noting
that s is a generator of F ¤pk , we have
Fk(x) =
m¡1Y
i=0
8<:(x¡ !pi)
pk¡1Y
j=1
(x¡ !pi + sj)
9=; ; (43)
using the relation x
pk¡1Y
j=1
(x+ sj) = xp
k ¡ x, we have
=
m¡1Y
i=0
n
(xp
k ¡ x)¡ (!pk ¡ !)pi
o
: (44)
Let ¿ = !p
k¡! and let fk(x) be the minimal polynomial
of ¿ , we have
f(x)
pk¡1Y
j=1
f(x+ sj) = fk(xp
k ¡ x); (45)
where ¿ 2 Fpm does not belong to any proper sub¯eld
in Fpm as shown below.
Suppose that ¿ = !p
k ¡ ! belongs to a proper sub-
¯eld Fpr ; m = m0r; m0 6= 1, then we show a contradic-
tion. Using ¿ and !, we have
r¡1X
i=0
¿p
i
=
r¡1X
i=0
³
!p
i
´pk
¡
r¡1X
i=0
!p
i
= c; (46)
where c 2 Fp because ¿ belongs to Fpr and the sum
of all conjugates of ¿ becomes an element in Fp. Let
° =
Pr¡1
i=0 !
pi , we have °p
ik
= ° + ic; 1 · i · p. Since
! is a non-zero element in Fpm and does not belong to
any proper sub¯elds of Fpm , c must be 0 because p does
not dividem as introduced in Sec.1. Then, ° belongs to
Fpk , accordingly ° belongs to Fp because gcd(m; k) = 1
in this paper. Since ! belongs to Fpm but not to its
proper sub¯elds, it contradicts that ° is an element in
Fp as
0 = °p ¡ ° =
Ã
r¡1X
i=0
!p
i
!p
¡
r¡1X
i=0
!p
i
= !p
r ¡ ! 6= 0: (47)
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